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We have theoretically investigated the possibility of using any of several continuous-variable Bell-
type inequalities – for which the dichotomic measurements are achieved with coarse-grained quadra-
ture (homodyne) measurements – in a multi-party configuration where each participant is given a
section, in the frequency domain, of the output of an optical parametric oscillator which has been
synchronously-pumped with a frequency comb. Such light sources are undergoing intense study due
to their novel properties, including the potential for production of light entangled in many hundreds
of physical modes – a critical component for many proposals in optical or hybrid-optical quantum
computation proposals. The situation we study notably uses only highly-efficient optical homodyne
detection, meaning that in such systems the fair-sampling loophole would be relatively easy to avoid.
I. INTRODUCTION
Bell’s inequalities allow us to unambiguously (under
certain reasonable assumptions) divide phenomena into
two types: those that are describable with local-realistic
probability theories, and those that must be described
with the wider probability space of quantum mechan-
ics [1]. This is important not only because of its deep
philosophical implications, but also because systems that
behave quantum-mechanically may be utilized for tech-
nologies in-principle more powerful than their classical
counterparts, such as metrology [2, 3], cryptography [4],
and computation [5].
Of the several approaches to quantum computing, one
that has received a significant amount of attention is
the so-called “measurement-based” or “cluster-state” ap-
proach [6].
Measurement-based quantum computing (MBQC) is
an alternative view to the standard “circuit model” of
quantum computing – where the computation is envi-
sioned as a set of quantum-logical gates enacted in se-
quence, some of which generate entanglement. In MBQC
a very large quantum state is created initially, including
all the entanglement that will be needed. A sequence of
measurements is then performed where the results of pre-
vious measurements determine which measurements are
performed next, the state at the end then encodes the
answer to the desired computation. The two approaches
are formally equivalent, but differ significantly in their
implementation.
A further modification of MBQC is found when we al-
low the modes that comprise the initial, highly-entangled,
state to take continuous-variable values [7], such as the p
and q quadrature modes of an electromagnetic field. We
will consider such fields in the optical domain in this pa-
per. Continuous-variable MBQC (CV-MBQC) relies on
the ability to generate very large, highly-entangled states
between thousands or millions of physical modes.
This is a difficult task but a promising approach is
to use a device called a “synchronously-pumped optical
parametric oscillator” (SPOPO) to generate the required
states. Such a device takes the output of a frequency
comb and uses it as the pump for an optical parametric
oscillator. This process, in principle, entangles every fre-
quency “tooth” of the comb with every other – to varying
degrees. See, for example, Refs.[8–13].
This device can also be modified such that one or more
photons may be subtracted off coherently from any com-
bination of frequency modes via a quantum pulse gate
(QPG) [14–16]. In those frequency modes from which a
photon has been subtracted the Wigner-function repre-
sentation gains negative regions – an indicator of non-
classicality and the potential to use these modes as re-
sources in quantum-enabled tasks in information technol-
ogy such as quantum computing and key distribution.
Furthermore, a portion of the initial frequency comb
(pump) may be partitioned off for later use as a local
oscillator. This local oscillator can be shaped arbitrarily
in the frequency domain, permitting the homodyne de-
tection of, in principle, any mode which has a pure-state
representation in the frequency basis.
Homodyne detection has the advantage that it is highly
efficient and thus if the goal is to violate a Bell-type in-
equality over a lossy or – more poignantly – untrusted
channel, such detection is advantageous for avoiding or
closing the fair-sampling (efficiency) loophole.
In the system we consider here the final detection (and
homodyning) is done across a detector with many indi-
vidual pixels after another diffraction grating. Therefore
the different sections of the frequency domain are coarse
grained into the desired number of parties, each of which
is given a section of the full frequency range.
In principle each party, as defined above, possesses at
the moment before detection, a state which is entangled
with all other parties in a complicated manner. The goal
of the investigation reported here is to analyze a general-
ized version of this system and determine the prospects
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2for violating a continuous-variable Bell inequality, the
strongest possible proof of non-classicality, for some num-
ber of parties.
We find that – for the two party case – the photon-
subtracted SPOPO with homodyning is capable of a
higher violation than has been shown previously in the
analysis of simpler systems. Though this is promising it
is still likely below what could be distinguished experi-
mentally (high efficiency is no guarantee of a high signal-
to-noise). We also analyze the four-party case. What
we find is a massive parameter space which is, at least,
very computationally intensive to search. We consider
the simplest and most direct cases and find that no vi-
olation is possible. We stress that this is merely in the
sections of that space that are easily searchable, and that
violations are likely in other regions, though determining
which regions these are is highly non-trivial.
We plan to make all models and programs publicly
available in the hopes that this stimulates a more through
investigation.
The remainder of this manuscript is organized as fol-
lows: Section II reviews synchronously pumped optical
parametric oscillators in general. In Section III we syn-
thesize the setup in total, creating a mathematical model.
Section IV reviews the kind of local-realistic inequality
we use, and how discrete observables can be constructed
from the continuous measurements available in homo-
dyne detection. In Section V we examine the two-party
case, and in VI the four-party. Section VII is left for
discussions, conclusions, and a review of the results.
II. THE SYNCHRONOUSLY PUMPED
OPTICAL PARAMETRIC OSCILLATOR
(SPOPO)
The ability to scale up to architectures of useful size is
a key requirement for quantum information applications.
Experimentally, systems with many optical modes can be
realized with optical frequency combs. These are in turn
provided by mode-locked lasers, whose output is a train
of identical light pulses in the temporal domain. The
spectrum of such a field, obtained by Fourier-transform,
consists of a series of on the order of millions of equally-
spaced, single-frequency modes, namely, the frequency
comb. Each “tooth” of the comb can be used as an in-
dependent quantum mode, allowing for the creation of a
state on the order of a million modes.
However in order to couple these modes and – hope-
fully – create entanglement between them for use as a
resource in quantum technologies they must be made to
interact.
There are many variations on this approach, but the
basic principle is to inject the output of the comb into
an optical parametric oscillator (OPO – an optical cav-
ity containing a non-linearity) which has the same mode
structure as the comb. For full details on the various
approaches see [8, 10–12, 17–21].
Mathematically, these approaches can be modeled as
an interaction Hamiltonian working on all the various
modes, commonly called the joint spectral distribution
(or joint spectral amplitude) and written as
HˆI =
∑
mq
Lmqaˆmaˆq + h.c., (1)
where the aˆ’s are the annihilation operators working on
(corresponding to) the modes represented by the index.
The physical nature of the modes is left undefined for
now. The matrix L is the coupling between these modes.
Determining this matrix for our specific implementation
is discussed in Section V. For the setup we model in the
following sections of this paper there are 3 million indi-
vidual modes.
The relative squeezing induced between modes can be
different for each combination of modes, leading to a rel-
atively sticky mathematical situation. Things are simpli-
fied greatly by considering the “supermode basis”. The
supermode basis is constructed of the modes which diag-
onalize the coupling matrix Lmq. They are found by de-
termining the eigensystem of Lmq (NB: This is only true
when the coupling matrix is real. In the general case the
diagonalization is done by congruence – Autonne-Takagi
factorization – a special case of singular value decom-
position. If L is real, these coincide with eigenvalues,
but in the general case a different procedure is needed,
see [22]). Each eigenvector represents a conversion be-
tween the new supermode basis and the basis of the op-
tical frequency (the comb’s teeth). The eigenvalue associ-
ated with each eigenvector is the single-mode squeezing
of that supermode. Since the matrix is diagonal there
is no multi-mode squeezing in this representation. The
supermodes are themselves entangled modes.
III. SETUP UNDER CONSIDERATION
The experimental setup we consider for theoretical
study consists of a combination of many optical devices.
The whole contraption is depicted in Figure 1. A fre-
quency comb is used as the pump in an optical paramet-
ric oscillator. Before the OPO a portion of the pump is
shunted off with a beam-splitter to be pulse-shaped by
two independent pulse shapers. Each pulse shaper con-
sists of a diffraction grating (which maps the frequency
domain to the spatial domain), a spatial light modula-
tor (which then applies a pre-programmed phase and
amplitude modulation to each segment of the frequency
domain, thus shaping the pulse as a whole in an arbi-
trary and controllable manner), and a second diffraction
grating which erases the position information and recon-
structs the pulse.
One of these pulse-shaped beams is then used as a
“gate” in a photon subtraction stage. The output of the
SPOPO is fed into one of the input modes of a sum-
frequency-generation crystal, while the gate beam is fed
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FIG. 1: A frequency comb is used as the pump in an optical parametric oscillator. Before the OPO a portion of the pump
is shunted off with a beam-splitter to be pulse-shaped by two independent pulse shapers. Each pulse shaper consists of a
diffraction grating, a spatial light modulator, and a second diffraction grating. One of these pulse-shaped beams is then used
as a quantum pulse gate in a photon subtraction stage. We, however, mathemtically model this as weak beam splitter acting
on the first super mode. If this beam splitter reflects two photons, and these are detected by a combination of a 50-50 beam
splitter, on-off detectors and a coincidence logic (CL), then a two-photon subtracted state is heralded. The second pulse-shaped
beam is prepared as a homodyning reference. The photon-subtracted SPOPO mode is then shone on a diffraction grating which
fans the light out onto a detector with a resolution of between two and sixteen pixels. Each pixel mode of the SPOPO output
is paired with an equivalent segment of the homodyne pulse. These modes are then coarse-grained in the same manner as the
SPOPO mode and then each of these resultant modes is subjected to a phase shift as dictated by the desired local-realistic
inequality and detection protocol. In this figure we specifically show the two-party case. Generalization to higher numbers of
parties is straightforward.
into the other. The detection of an up-converted pho-
ton in the heralding mode after the crystal then indi-
cates that a photon was subtracted from both modes.
Significantly, it can be guaranteed that the photon was
subtracted coherently from the combination of frequency
modes present in the gate beam – therefore a photon may
be subtracted from the SPOPO pulse in any mode includ-
ing those of the supermode basis. For more information
see Refs.[14–16].
Since, when viewed in the supermode basis, the first su-
permode exhibits the largest squeezing (this is discussed
in Section V and shown in Fig. 4), we subtract photons
from that mode exclusively. This is done because photon
subtraction creates more non-classicality (i.e. more neg-
ativity in the Wigner function) when subtracted from a
more tightly-squeezed state).
A full discussion of the photon-subtraction procedure is
beyond the scope of this paper. In fact we will model the
subtraction as a very weak beam splitter and a photo-
detection – a fairly standard method. In our case the
“beam splitter” is modeled as working only on the first
supermode. We also employ a second 50-50 beam split-
ter and a coincidence detection in order to model the
subtraction of two photons. A two-photon subtraction
is chosen since the parity of the number of modes must
match the parity of the number of photons subtracted
[23], and subtracting four (or more) photons is currently
technologically unfeasible.
The second pulse-shaped beam is then prepared as a
homodying reference for continuous-variable quadrature
measurements. With pulse shaping many combinations
of frequency profiles are possible. We take a Gaussian
distribution as this is what is used experimentally.
The photon-subtracted SPOPO mode is then shone on
a diffraction grating which fans the light out onto a detec-
tor with a resolution of between two and sixteen pixels.
The number of pixels represents the number of parties
involved in the Bell test. Each party receives a segment
of the frequency domain, the size of which is inversely
proportionate to the number of parties. Those frequency
modes in each segment are then all coarse-grained into a
“pixel mode” which represents the signal each party cor-
responding to that pixel receives. It is likely that much
coherence is lost at this stage. It should be noted that, of
course, it would be impossible to close the locality loop-
hole with the “distant parties” present on the same small
device, but in principle these signals can be transmitted
to distant locations as needed before measurement. In
this paper we consider two possibilities: two parties, and
four parties; though any other number is principle pos-
sible – the only limitations being the resolution of the
detector and the quality of the diffraction grating.
Each pixel mode of the SPOPO output is paired with
an equivalent segment of the homodyne pulse. These
modes are then coarse-grained in the same manner as
the SPOPO mode and then each of these resultant
4modes is subjected to a phase shift as dictated by the
desired local-realistic inequality and detection protocol.
This is detailed in the following section.
IV. CONTINUOUS-VARIABLE BELL-TYPE
INEQUALITIES WITH PHOTON-SUBTRACTED
GAUSSIAN STATES AND HOMODYNE
DETECTION
We wish to utilize continuous (and Gaussian) homo-
dyne measurements in the setup we examine for Bell-
inequality violation due to their relative ease of applica-
tion and high efficiency. This is advantageous for closing
(or avoiding) the detection (fair sampling) loophole and is
of strong interest in quantum foundations and technolo-
gies. This was also first pointed out in Refs.[24, 25]. How-
ever Bell inequalities are most commonly and directly
constructed in terms of discrete variables. Therefore the
first step of our analysis will be to discretize quadrature
space so that it can be thought of as a dichotomic (two-
valued) function. We follow the same procedure as in
Refs.[24, 25].
Given a particular choice of measurement angle (θ) we
draw a line through the origin of quadrature space such
that the line is at angle θ to the horizontal, dividing the
space into two regions. When a detection is made it will
be to either side of this line. One side is assigned the
value of +1 and the other a value of −1, and then the
construction of the various Bell’s inequalities proceeds
normally. This is graphically depicted in Figure 2.
𝜃
+1
-1
W(p,q) q
p
FIG. 2: A quadrature space with a Wigner function (W )
living in it is split into two regions defined by the angle θ.
Half of the space is assigned the dichotomic value +1, and
the other the value −1.
It is important to point out that the homodyne de-
tection procedure is not inherently non-classical (i.e. it
possesses a Gaussian Wigner function that is everywhere
positive) so the quantum behavior is introduced at the
stage of the photon subtractions. This is the oppo-
site of most Bell tests where squeezed states (keeping
in mind that spontaneous parametric down-conversion is
just weak squeezing) are subjected to number resolving
(or on-off) detection which is non-classical. Some non-
classical element is needed in order to violate a Bell in-
equality otherwise the everywhere-positive Wigner distri-
bution can be interpreted as precisely the hidden variable
model such tests wish to disprove.
We are further motivated to apply such the proce-
dure outlined in Refs.[24, 25] for the case of the photon-
subtrated SPOPO due to some results found in Ref.[23]
that show that in the many-party generalization of such
inequalities the amount of violation found scales with
number of modes/parties present, as long as the num-
ber of modes is not of odd-parity. Since the SPOPO
generates entanglement between very-many modes it is
reasonable to assume that it would naturally lend itself
to such a situation. This is the motivation for the work
presented in this paper.
For the two-party case, which we consider in the fol-
lowing section, the most obvious and direct inequality to
apply is simply CHSH [26]:
S2 = 1
2
|E(a, b) + E(a′, b) + E(a, b′)− E(a′, b′)| ≤ 1, (2)
where the E’s are the correlators and are defined in gen-
eral as
E(a, b) =
R++(a, b) +R−−(a, b)−R+−(a, b)−R−+(a, b)
R++(a, b) +R−−(a, b) +R+−(a, b) +R−+(a, b)
where the R’s represent the rates of the events in-
dicated by their subscripts as a function of the chosen
measurement angles for Alice and Bob (i.e. R+−(a, b) is
the rate of Alice measuring +1 when Bob measures −1
for settings a and b respectively). The primed and un-
primed settings represent the two different choices each
party uses.
In the next section we develop the mathematical
formalism needed to check for violation of this inequality.
V. TWO-PARTY CASE
In this section we will study the simplest case available,
which is when we limit ourselves to having the detector
divided up into two regions (i.e. two pixel modes or par-
ties). We will also take the simplest realistic parameters
for other elements of the setup.
Note that all numerical values are taken directly from
the experiment described in the References: [10, 19, 20].
So our calculations can be said to closely model what is
done experimentally.
We will draw a lot from Ref.[17] and from Ref.[24].
We follow the latter fairly closely. In those papers the
authors consider a two-mode squeezed vacuum state, on
each of which a photon subtraction is performed, followed
5by a homodyne detection on each mode. Essentially our
work is an expansion of that formalism to a much more
complicated physical scenario.
Much of the actual calculation is done in Mathematica
and we have made a commented version of this avail-
able at Ref.[27]. It should be noted that some of the
calculations take a very long time on standard personal
computing equipment so we also make available some
pre-computed examples. All the aforementioned experi-
mental values and parameters used in the calculation (or
ranges of those values for parameters that may be varied)
are given in that file.
We start with the description of the relative coupling
strengths of SPOPO modes as given in Ref.[17]:
Lmq = fmqαm+q, (3)
where fmq is the phase-matching of the crystal for fre-
quency modes m and q, and is given by
fmq =
sin(φmq)
φmq
, φmq =
1
2
(
kpm+q − ksm − ksq
)
l, (4)
where kp and ks are the pump and signal wavenumbers,
respectively; and l is the length of the crystal. The factor
αn represents the amplitude and phase of the coherent
pump at frequency ωn.
The matrix Lmq, the joint spectral distribution, repre-
senting the coupling between frequency modes m and q,
mediated by the crystal and pump. Thus the interaction
Hamiltonian for the system is given as Eq.(1), which we
repeat here:
HˆI =
∑
mq
Lmqaˆmaˆq + h.c. (5)
This represents a complicated network of two-mode
squeezing interactions. This coupling matrix between the
modes is visualized as a heat map in Figure 3.
This matrix may be diagonalized yielding the supermode
basis. In the supermode basis there is no coupling be-
tween modes and each squeezing transformation is single-
mode. The eigenvalues of the eigensystem represent the
squeezing parameter of the given supermode and the
eigenvector gives the transformation between that super-
mode and the frequency basis. The supermodes are an
entangled basis that mathematically simplify the descrip-
tion of the setup in several ways, but most importantly,
the setup is sufficiently described by a much smaller num-
ber of mathematical modes. See Figure 4 for a graph of
the eigenvalues and the first few eigenvectors of this sys-
tem. For the parameters we consider, taking only the
first 50 supermodes into account captures 98.75% of all
squeezing. Details are given in Ref.[27]. Figure 4 also
shows the last mode we consider.
We will consider the case where two photons are sub-
tracted from the first supermode. The Wigner-function
FIG. 3: A heat map visualizing the joint spectral distribu-
tion, L. Each axis runs over the mode labels. More-strongly-
coupled modes are lighter. Conservation of energy dictates
that it is symmetric along the anti-diagonal axis and that
the energy of down-converted modes are most likely to add
up to the energy of the central frequency of the pump. The
sinc-function-like behavior is due to the crystal having a finite
physical extent (top-hat-like in the spatial domain therefore
sinc-like in Fourier-transformed momentum domain).
formalism will be advantageous for this calculation, so we
will work in that picture. We start by writing the Wigner
function of a high-dimensional (many-mode) Gaussian
state. From Ref.[24]
W =
1
pi4
√
Det[γ]
e−r
Tγ−1r, (6)
where rT = [q1, p1, ..., qf , pf ] is a vector containing all the
quadrature variables (p & q) and γ is a matrix defining
their coupling. The coupling for a single-mode-squeezed
state is
γSMS(s) =
[
e2s 0
0 e−2s
]
, (7)
where s is the squeezing parameter. To represent the
photon subtraction we will add two fictitious modes
which are coupled to the first supermode via beam split-
ters (see inset in Fig.1). These modes start in the vacuum
state and thus their γ is simply the identity matrix of size
four. The initial state of the source can thus be written
as
γ in = I4 ⊕
50⊕
j=1
γSMSj (sj), (8)
6Eigenvalues vs. supermode index (n)
Eigenfunction of the nth supermode:    
n=1    
n=2    
n=3    
n=50    
FIG. 4: A visual representation of a part of the supermode
eigensystem we consider. Depicted are the first 250 eigenval-
ues, scaled to the largest value. Of special note is that after
around mode 50 eigenvalues are neglibile, representing negli-
gible squeezing so we therefore only consider the first 50 as
contributing (all other assumed to be vacuum). Also shown
are the first three eigenfunctions and the the last one we con-
sider as contributing.
where sj is the squeezing parameter of the j
th supermode.
To represent the photon subtraction we will need the
mixing and loss transformations are defined as in Ref.[24]
γ → MγMT , (9)
γ → LγLT +G. (10)
These are a symplectic and completely-positive maps, re-
spectively. For a beam splitter of transmissivity T we
have
M(T ) =

√
T 0
√
1− T 0
0
√
T 0
√
1− T
−√1− T 0 √T 0
0 −√1− T 0 √T
(11)
The first beam splitter couples the third mode of γ in
(i.e. the first supermode) with the first empty mode.
The transmissivity is very high representing a weak beam
splitter. The second beam splitter then couples the first
and second modes and is 50-50. The matrices represent-
ing loss are given by Ref.[24]:
L(η) = ηI, (12)
G(η) = (1− η)I, (13)
with η the efficiency (which we will set to 1 for this ini-
tial analysis, representing lossless processes). The output
coupling matrix before the heralded photon subtraction
is then given by
γout(T, η) = M2(0.5)L(η)M1(T )γ in
×MT1 (T )LT (η)MT2 (0.5) +G(η), (14)
where the subscripts of the M matrices indicate the first
(weak) and second (50-50) beam-splitters. These matri-
ces act as the identity on all other modes. The calculation
of this matrix is given in Section II of Ref.[27].
The heralding event that signals that a two-photon
subtraction has occurred is a detection in both of the
two fictitious modes. The detectors are assumed to be of
the threshold (on-off) type. The positive-operator-valued
measure (POVM) for such a detection is
Πˆ = I − |0〉〈0| (15)
To find the state after the heralded subtraction in the
Wigner-function formalism we write
Wsub = (2pi)
2
∫ ∞
−∞
dq1dp1dq2dp2
×Wout(q1, ..., qn, p1, ..., pn)
×WΠˆA1 (q1, p1)WΠˆA2 (q2, p2), (16)
where the labels A1 and A2 denote the first and second
auxiliary modes (the first two modes). The Wigner func-
tion is given by Eq.(6) in conjunction with Eq.(14). The
Wigner function of the threshold (on-off) detector Πˆ op-
erator can be found with
WΠˆ =
1
2pi
∫ ∞
−∞
dx eixp
〈
q +
x
2
∣∣∣ (I − |0〉〈0|) ∣∣∣q − x
2
〉
,
=
1
2pi
(
1− 2 e−p2−q2
)
. (17)
So now Eq.(16) can be written as
Wsub =
∫ ∞
−∞
dq1dp1dq2dp2 e
−rTγ−1outr
×
(
1− 2 e−p21−q21 − 2 e−p22−q22
+ 4 e−p
2
1−q21−p22−q22
)
(18)
where overall constants have been dropped (we’ll re-
normalize at the end). This can be more compactly writ-
ten as
7Wsub =
∫ ∞
−∞
dq1dp1dq2dp2
4∑
k=1
cke
−rTΓkr (19)
Where c1 = 1, c2 = c3 = −2, c4 = 4, Γ1 = γ−1out,
Γ2 = γ
−1
out + IA1 ⊕ ∅102, Γ3 = γ−1out + IA2 ⊕ ∅102,
Γ3 = γ
−1
out + IA1 ⊕ IA2 ⊕∅100, and ∅n represents a matrix
of all zeros of size n.
To perform this integration we need to subdivide the
symmetric matrices Γk
Γk =

ΓAk σk
σTk Γ
S
k
 . (20)
The matrices ΓAk will contain the auxiliary modes, which
are the ones that will need to be integrated out; they are
4× 4. The matrices ΓSk contain the supermodes that will
remain; they are 100×100. The matrices σk are 4×100.
We also subdivide the vector of quadrature variables as
rT =
[
UT ,VT
]
, where U contains the four variables to
be integrated over and V contains the remainder. So,
rTΓkr = U
TΓAkU+V
TΓSkV+ 2V
TσTkU. (21)
Now, we remark that
UTΓAkU+V
TΓSkV+ 2V
TσTkU (22)
=
(
U+ ΓA
−1
k σkV
)T
ΓAk
(
U+ ΓA
−1
k σkV
)
+VT
(
ΓSk − σTkΓA
−1
k σk
)
V.
We then perform a change of variables as U′ =(
U+ ΓA
−1
k σkV
)
, the determinant of this Jacobian is one
and the integral over the U′ can proceed as normal. So
Eq.(19) becomes
Wsub =
4∑
k=1
ck√
Det
[
ΓAk
]e−VT(ΓSk−σTkΓA−1k σk)V. (23)
This calculation is in Section III of Ref.[27]. Figure
5 contains plots of the first supermode after photon-
subtraction.
Returning to Fig.1 we see that the next mathematical
transformation we need to make is from the supermode
basis to the pixel basis (via the frequency basis). The
weight of the conversion between an individual super-
mode and a pixel mode is given by the normalized inte-
gral of the eigenfunction of that supermode over the fre-
quency domain corresponding to the given pixel. These
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FIG. 5: The Wigner function after photon subtraction. (a) is
a contour plot, (b) is a 3-D plot, and (c) is a slice though the
p quadrature.
eigenfunctions are the ones we show samples of in Fig.4.
Each mode is modulated with a Gaussian to represent
being mixed with the homodyne reference field. The ref-
erence field may be shaped in many other ways, but we
take this simple case. The coarse-graining of the fre-
quency basis into the pixel basis is done evenly (i.e. the
integrations are taken over domains of the same size.)
Section IV of the MathematicaTM file in Ref.[27] has the
details of that calculation, and Section V concerns the
application of detection loss to the pixel modes – in the
same manner as in Eqs.(12,13).
There is also a “switching matrix” that puts the p’s
and q’s next to each other so that the integration can be
written more easily. We include this matrix here as we
use a different one than in Ref.[24]. That is
 p1p2q1
q2
 =
 0 1 0 00 0 0 11 0 0 0
0 0 1 0

 q1p1q2
p2
 . (24)
Then, to represent the fact that we are dividing the
detection outcomes into two half-planes whose line of
division sits at angle (with respect to the horizontal in
quadrature space) equal to the measurement setting, we
perform a final transformation by rotating the function
using the standard rotation matrices. This new Wigner
function is WBD(q1, q2, p1, p2). Then we integrate the p
modes over all space (as it will be the q quadratures that
are split up to form the dichotomic observables). So we
have
Wf
(
φaj , φbk , q1, q2
)
(25)
=
∫ ∞
−∞
∫ ∞
−∞
dq1dq2WBD(q1, q2, p1, p2).
The same change of variables as in Eqs.(20,21,22,23) is
utilized. This leaves only a distribution over the q modes.
8The dichotomic observable of the homodyne Bell test
is whether the field is measured to be in one or the other
sides of the half-plane of quadrature space (as defined
by a choice of bias phase during homodyne) for either
party. One half (the positive) of the plane is assigned
the value +1 and the other is assigned value −1 for
each measurement event (heralded by the photon sub-
traction event) and party. The (q1, q2) plane is divided
up into four quadratures by whether q1 and q2 are less
than or more than zero. That is, possible results are
+1 = (+1)a(+1)b, +1 = (−1)a(−1)b, −1 = (−1)a(+1)b,
and −1 = (+1)a(−1)b; where the subscripts indicate
party. The correlator is then the probability of these
various outcomes times the total outcome. For the case
of a positive outcome we have
P+1
(
φaj , φbk
)
(26)
=
∫ ∞
0
∫ ∞
0
dq1dq2Wf
(
φaj , φbk , q1, q2
)
+
∫ 0
−∞
∫ 0
−∞
dq1dq2Wf
(
φaj , φbk , q1, q2
)
=
∫ ∞
0
∫ ∞
0
dq1dq2Wf
(
φaj , φbk , q1, q2
)
+
∫ −∞
0
∫ −∞
0
dq1dq2Wf
(
φaj , φbk , q1, q2
)
=
∫ ∞
0
∫ ∞
0
dq1dq2Wf
(
φaj , φbk , q1, q2
)
+
∫ ∞
0
∫ ∞
0
dq1dq2Wf
(
φaj , φbk ,−q1,−q2
)
= 2
∫ ∞
0
∫ ∞
0
dq1dq2Wf
(
φaj , φbk , q1, q2
)
,
where Wf is the final Wigner function given by Eq.(25).
In the second equality the limits of two integrals are
flipped so the negative signs cancel, and the last equality
is due to the fact that the Wigner function is symmet-
ric: Wf (q1, q2) = Wf (−q1,−q2). The probability for a
negative outcome is simply
P−1
(
φaj , φbk
)
= 1− P+1
(
φaj , φbk
)
= 1− 2
∫ ∞
0
∫ ∞
0
dq1dq2Wf
(
φaj , φbk , q1, q2
)
.
(27)
And the correlator is given as
E
(
φaj , φbk
)
= +1P+1
(
φaj , φbk
)− 1P−1 (φaj , φbk)
= 4
∫ ∞
0
∫ ∞
0
dq1dq2Wf
(
φaj , φbk , q1, q2
)− 1,
which can be used the calculate the two-party Bell pa-
rameter in the CHSH inequality (Eq.2), S2:
S2 = 1
2
|E (φa1 , φb1) + E (φa1 , φb2) (28)
+ E (φa2 , φb1)− E (φa2 , φb2)| ,
where S2 > 1 indicates violation of local-realistic theo-
ries under the assumptions implicit in CHSH.
These calculations are carried out by the symbolic pro-
gram MathematicaTM. The integrations are done both
analytically and numerically as a check on correctness.
Carrying out multidimensional integrals over the full
plane is relatively easy (via the method described in ear-
lier in this Section), but such integrals over the half-plane
are much more challenging. Therefore these final integra-
tions are very time-consuming to solve and this creates
a computational bottleneck that is very difficult to work
around. This will be discussed further in the next couple
Sections.
The above calculation must be performed numerically
for every possible combination of measurement choices
(the φ’s) in order to find which choices of measurement
angles yield the highest violation. Since continuous re-
sults are not available (the time-intensive integration
must be carried out for each combination) enough points
must be chosen so that we can be reasonably sure of local
extrema. Since the bell value is not necessarily symmet-
ric we also allow one party a total global rotation on all
measurement directions.
In Section VI of [27] we find the maximum violation of
this inequality to be 1.032. This is a small improvement
over the result of the setup used in Ref.[24] which was
1.024. This is surprising as it is likely that much of the
correlation is lost in the conversion to pixel basis.
The central premise of this paper has been proven –
that the setup as described, in principle, has the power
to violate a local-realistic inequality. However it is likely
still too small to be technologically useful with the setup
in the configuration as modeled. Possible modifications
and the challenges inherent in extending the calculation
are further discussed in the following Section.
VI. FOUR-PARTY CASE
The power of the setup described here is its ability
to spread stronger-than-classical correlations over very
many physically distinct modes. We can model this by
simply decreasing the granularity of the pixel-binning.
In this section we consider four pixel modes which would
represent four parties attempting to violate a Bell-type
inequality. The reason we go from two to four is that we
know from the analysis in Ref.[23] that the parity of the
number of parties/modes must match the parity of the
photon-number subtraction, therefore since we consider
a two-photon subtraction using four parties is the next
logical choice.
The calculation in Section V must be re-done to ac-
count for the larger number of modes, however most of
9these modifications are rather direct, and result in very-
large equations, so we do not report that calculation here.
The results are detailed in the MathematicaTM file – Sec-
tion VII of [27].
However, a significant difference between the two-party
and four-party case is the inequalities that must be used.
We require an inequality that accommodates larger num-
bers of parties. There are several classes of such inequal-
ities and, unlike in the two-party case, in the four-party
case it is not clear which are optimal, so we try several.
We start by utilizing the recursion method detailed in
section 5.2 of “Interference of Light and Bell’s Theorem”
by Belinski˘ı and Klyschko, Ref.[28]. This method gener-
ates inequalities for any party number. For the four-party
case the Bell value for the Belinski˘ı and Klyschko (BK)
Inequality (called the Mermin-Klyschko Inequality [29])
is given by
BK4 = 1
4
[E4(φa1, φb1, φc1, φd1) + E4(φa2, φb1, φc1, φd1)
+E4(φa1, φb2, φc1, φd1)− E4(φa2, φb2, φc1, φd1)
+E4(φa1, φb1, φc2, φd1)− E4(φa2, φb1, φc2, φd1)
−E4(φa1, φb2, φc2, φd1)− E4(φa2, φb2, φc2, φd1)
+E4(φa1, φb1, φc1, φd2)− E4(φa2, φb1, φc1, φd2)
−E4(φa1, φb2, φc1, φd2)− E4(φa2, φb2, φc1, φd2)
−E4(φa1, φb1, φc2, φd2)− E4(φa2, φb1, φc2, φd2)
−E4(φa1, φb2, φc2, φd2) + E4(φa2, φb2, φc2, φd2)] .
Each party has a choice of two measurement angles, as
in the two-party case.
For even party number the well-known Svetlichny In-
equality [30] is also equivalent to the above inequality.
However the Mermin Inequality differs. For the four-
party case it is given as
M4 = 1
4
[E4(φa2, φb1, φc1, φd1) + E4(φa1, φb2, φc1, φd1)
+E4(φa1, φb1, φc2, φd1)− E4(φa2, φb2, φc2, φd1)
+E4(φa1, φb1, φc1, φd2)− E4(φa2, φb2, φc1, φd2)
− E4(φa2, φb1, φc2, φd2)− E4(φa1, φb2, φc2, φd2)] .
For both inequalities violation occurs if the Bell value
is less than negative one or greater than one.
As before, all angles for a given party are given the
freedom to be rotated locally – apart from the first party.
For the sake of neatness and clarity this is not included
in the above equations.
Another notable difference is that the integrations over
the half-plane Wigner functions are far more computa-
tionally intensive to perform. This exasperates a problem
that was also present in the two-party case: that if we
wish to modify the setup (in what ways this could be
done is discussed later in this section) in an attempt to
optimize the Bell violation we must re-do the calculation
for every possible combination of parameters.
We find a maximum value of 0.757, which of-course is
not even near the edge of the quantum-classical divide.
The parameters yielding maximum violation are given in
Ref.[27].
So far we have been making the simplest and most
sensible-seeming choices for the details of the setup based
on a specific experimental implementation [10] (all nu-
merical values are taken directly from that experiment
and we make choices for things like homodyne shape,
mirror transmissivity, loss, etc. that are experimentally
reasonable, lead to simplifications, or would seem, in-
tuitively, to make violation more likely). However, the
experimental setup itself is highly adjustable and many
variations might be employed, and it is not necessarily
the case that the choices we have made are even close to
being the best.
Some examples of how the setup could be adjusted in-
clude: taking fuller advantage of the photon-subtraction
procedure’s ability to fully shape the spectral mode of
the subtraction, employing photon addition, changing
the shape of the homodyne envelope, changing the do-
mains of the pixel modes, trying 4-photon subtraction,
and utilizing more specifically-tailored inequalities – in-
cluding inequalities specifically for continuous-variable
situations. In fact the pump spectral profile itself may
also be shaped and this has already been studied as an
avenue for optimizing other applications [22]. It may
also be the case that similar setups utilizing different ge-
ometries and different degrees of freedom might be more
efficient at violating inequalities [11–13].
The issue again is that there is a very difficult compu-
tational bottleneck at the last stage of the calculation.
Meaning that, as the calculation procedure is now, any
adjustment could result in days of extra computation on
a standard modern desktop. Searching a parameter space
as large as is available would be near-impossible as-is. It
is also important to point out that similar optimization
may be attempted for the two-party case, the computa-
tional bottle neck exists there as well, but is significantly
less severe.
However, it is very likely the calculation could be modi-
fied to run more quickly and employ larger computational
resources, which is why we make it publicly available at
[27].
VII. SUMMARY AND CONCLUSIONS
We have built a model of a synchronously-pumped
optical parametric oscillator which has undergone pho-
ton subtraction, and investigated its ability to violate
a Bell-type inequality using highly-efficient homodyne
detection. The inequality is constructed by discretiz-
ing quadrature space to yield the dichotomic observ-
ables most such inequalities require. The number of out-
put modes – or parties – can be controlled by choosing
how coarse-grained to make the division of the frequency
comb into frequency-based pixel modes, which – in prin-
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ciple – could be in the millions.
The advantage of this type of setup is twofold: highly-
efficient homodyne detection may be employed, and
very many physical modes are available for quantum-
technological tasks.
We studied two different possibilities, a two-party case
and a four-party case. Quite surprisingly we found an
increase in violation for the two-party case over simpler
setups – though the amount of violation is still likely
too small to be easily experimentally observable. This
constitutes a proof-of-principle of the non-classically of
the system in question.
We had expected that the degree of violation would
grow with the number of parties, but when the four-
party case is examined we find a reduction of the Bell
parameter to below the quantum limit. Our conjecture is
that this lack of violation in the four-party case is due to
the fact that the parameter space of possible experimen-
tal configurations is both massive – and computationally
difficult to search – and that there are likely parame-
ter combinations which would lead to violation. In the
hopes that others will try to simplify this calculation, or
employ more robust computational resources, and search
this parameter space for violations, we make all code and
calculations publicly available at [27].
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